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Abstract. In this paper we study the homogenized algebra B of the envelop- 
ing algebra U of the Lie algebra s£(2,C). We look first to connections between 
the category of graded left B- modules and the category of [/-modules, then we 
prove B is Koszul and Artin-Schelter regular of global dimension four, hence 
its Yoneda algebra B' is selfinjective of radical five zero, the structure of B' is 
given. We describe next the category of homogenized Verma modules, which 
correspond to the lifting to B of the usual Verma modules over U, and prove 
that such modules are Koszul of projective dimension two. It was proved in 
[MZ] that all graded stable components of a selfinjective Koszul algebra are of 
type ZAaa, we characterize here the graded S ! -modules corresponding under 
Koszul duality to the homogenized Verma modules, and prove that they are 
located at the mouth of a regular component, in this way we obtain a family 
of components over a wild algebra indexed by C. 

The paper ends with the description of a family of weight modules over 
B which corresponds to the weight modules over U and with a description 
of the category of B - modules corresponding to the Gelfand's category O of 
[/-modules . 



1. Introduction 

In the papers [MMol],[MMo2] wc considered the homogenized Weyl algebra B n 
of the Weyl algebra A n [Co] . We proved that such algebra is Artin-Schelter regular 
and Koszul and explored the relation between the category of graded £>„-modulcs 
and the category of A„-modules. Since the connection between these two categories 
is well understood, we can study the finitely generated graded B n - modules instead 
of the finitely generated j4 n -modules. In those papers we applied Koszul duality 
and related the finitely graded B n - modules with the finitely generated graded 
modules over the Yoneda algebra B' n . In this way we provided dictionaries relating 
modules over the Weyl algebras A n with graded modules over a finite dimensional 
selfinjective Koszul algebra B n . 

In this paper we will concentrate in the study of the enveloping algebra U of 
the Lie algebra s£(2, C) and its homogenized algebra B. In this case B is a Koszul 
Artin-Schelter regular algebra of global dimension 4 and we can extend the methods 
used for the Weyl algebras to study the relations among the [/-modules, the graded 
B -modules, and the graded B'-modules. 

It is generally agreed that the classification of all modules over a wild finite 
dimensional algebra is impossible. It makes sense to look to families of indecom- 
posable modules over a particular finite dimensional wild algebra, this is what we 
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do in this paper for the selfinjective wild algebra B\ By the standard methods 
of representation theory we do not know much about the B - modules, we only 
know by a result of [MZ] , that the graded stable Auslander-Reiten components are 
all of type ZA^. However, the algebra B is the only Lie algebra for which all 
irreducible modules are known, in particular a family of modules {M(A) | A G C} 
called the Vcrma modules is fully described. The so called weight modules and the 
related category O have been fully studied for s£(2,C) [Ma]. We will here consider 
the corresponding categories of homogenized £>-modules. Of particular interest is 
the homogenized Verma modules V(X) with A G C, these modules are Koszul of 
global dimension 2 and we can describe the modules W(X) over the Yoneda alge- 
bra B l corresponding to V(X) under Koszul duality. We prove that such modules 
W(X) belong to the mouth of a regular graded component, obtaining in this way 
an infinite number of components parametrized by A G C. 

2. The homogenized algebra B of the enveloping algebra U of 

s£(2,C). 

In this section we study the basic properties of the homogenized algebra B of 
the enveloping algebra U of s£(2, C) and its Yoneda algebra B' . We concentrate on 
the structure of these algebras, our main tool is the resolution given by Anick in 
[An]. The situation is very similar to the case of the Weyl algebras considered in 
[MMol] . 

Through the paper C will denote the complex numbers, s£(2, C) the C-vector 
subspace of the space of two by two matrices M 2X 2(C) consisting of the matrices 
with zero trace. s£(2, C) is a Lie algebra with bracket product [X, Y] = XY — YX. 
The enveloping algebra U of s£(2,C) is given by generators and relations by U — 
C < e, /, h >/L, where C < e, /, h > is the free algebra with three generators: e, /, 
h and L is the ideal generated by the relations: [e, f]-h, [h, e]-2e, [h, f]+2f. It is well 
known that U has a Poincare-Birkoff basis [Ala] , [EW] , this means that every element 
u G U can be written in a unique way as a combination u = ^2 c i,j,ke l f^h k 

l i+j+k=l 

and Cij^k £ C 

We will denote by U the algebra defined by generators as: B — C < e, /, h, z > / 
I , where C < e, /, h, z > is the free algebra in four generators and I is the ideal 
generated by the relations: [e,f]-hz, [h,e)-2ez, [h, f]+2fz, [e,z], [/, z], [h,z]. We 
will call B the homogenized enveloping algebra of s£(2,C). [Sm], [LbS]. 

We prove that B has a Poincare-Birkoff basis, it is Koszul and it is Artin-Schelter 
regular. 

We will use freely the definitions and theorems from [An] . 

We give to the generators e, /, h, z the following order z < / < e < h and 
to the words of C < e, /, h, z > the order grade lexicographic. There is a natural 
surjection / : C < e, /, h, z >— >• B. 

Let W be the monoid consisting of all words of C < e,f,h,z >. The monoid W 
is well ordered. 

Given u, v G W, following [An], we will say that v is a submonomial of u, v < u, 
if v = 1 or v = Xi m Xi m _ 1 ...Xi s and u = Xi 1 Xi 2 ...Xi t , with 1 < m < s < t and 
x l3 G W. 

Submonomial is a partial order on W . 

A subset M C W is an order ideal of monomials (o.i.m) if and only if u G M 
and v < u implies v G M. 
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Let M be defined as M = {x e W f(x) £ spanf(y), y < x}. 
We have from [An]: 

Lemma 1. The set M is an o.i.m and the elements f(x) for x G M form a basis 
of B as C-module. 

We compute in our case these basis. 

The following diagrams illustrate the order of the monomials involved in the 
relations defining the ideal /. 



hS\z 

-^.4 . 

e h 

e\/~z 
hS\f 

-A. A . 

e^\z 
z\/*e 
fS\z 



, where fe < ef < hz 

, where ez < eh < he 

where fz < fh < hf 
where ze < ez 



z \^ j , where zf < fz 

^ f , where zh < hz 

z \/ A h 

It follows from the defining relations and the order we gave to the monomials 
that the paths: hz, he, hf, ez, fz do not belong to M. 

Moreover, hz = ef — fe and hz — zh , hence ef — fe — zh = and ef > fe, 
fe > zh. Therefore: ef £ M. 

M does not contain the paths { hz, he, hf, ez, fz, ef}. 

It is clear that a word is in M if and only if it is of the form z l f^e k h i . 

As a consequence we have: 

Theorem 1. The algebra B has a Poincare-Birkoff basis. 

Using the Poincare-Birkhoff basis we define a good filtration on B, as follows: 
Let b be an element of B. Then b is written as b — c i,j,k,ez' t f : 'e k h e , with 

i,j,k,t>0 

Ci,j,k,e S C, such that all but a finite number of them are zero. 

The degree of b is the largest integer n such that some Cij y k,e & C with j+k+l = n 
is non zero. 

Let T n be defined by T n = { b e B |degree(b)< n). 

Then T_ x = 0, J" = C[z] , Ti C for alH > 0, B = U T n , T n T m C T n+m 

and B is generated as algebra by T\ . 

The associated graded algebra is isomorphic to the polynomial ring 

C[z,e,f,h]. 

Proceeding as in [MMol], we can check this is a good filtration. We leave the 
details to the reader. 

As a consequence of [Mi], we obtain: 
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Theorem 2. The algebra B is noetherian. 

Let Vm be the obstruction set, Vm = {v e W \ v ^ M, u ^ v implies u € M} 
It is clear that Vm = { hz, he, hf, ez, fz, ef}. 

According to [An], the 0— chains are precisely the arrows Vo = {e, /, h, z}, the 
1-chains V\ = Vm, the 2-chains are the 2-overlaps Vi ={efz, hfz, hez, hef }, the 
3-chains are the 3-overlaps V3 = {hefz}. 

There are no 4-chains. 

According to Anick, there is a projective resolution of the only graded simple 
S : *) 

0-^ V 3 ®c B ->• V 2 <8>c B ->• Vi (g) C S -> Vfr ®c 5 ->■ B ->■ 5 ->• 
which results minimal and linear, hence B is a Koszul algebra of global dimension 

4. 

We will compute the Yoneda algebra B ! of _B. 

We know by the general theory of Koszul algebras [GM1] ,[GM2], that B ] is 
defined by quiver and relations as B l = C < e, /, h, z >/ 1^- , where C < e, /, h, z > 
is the free algebra in four generators and / is the ideal generated by the relations 
orthogonal to the relations defining I with respect to the bilinear form defined in 

the paths of length two by < a/3, a'fl' >= 

Let's compute 1^. 

< e 2 , ef - fe- hz>=< f 2 , ef - fe - hz>=< h 2 , ef - fe - hz>=< z 2 , ef - 
fe - hz>=0'. 

< e 2 , he - eh - 2ez>=< f 2 , he — eh - 2ez>~< h 2 , he - eh - 2ez>—< z 2 , 
he — eh — 2ez>=0 

< e 2 , hf - fh + 2fz>=< f 2 , hf - fh + 2fz>=< h 2 , hf - fh + 2fz>=< z 2 , 
hf -fh + 2/z>=0 

< e 2 , fz - zf>=< f 2 , fz - zf>=< h 2 , fz - zf>=< z 2 , fz - zf>=0 

< e 2 , ez — ze>=< f , ez — ze>—< h 2 , ez — ze>—< z 2 , ez — ze>=0 

< e 2 , hz - zh>=< f 2 , hz - zh>=< h 2 , hz - zh>=< z 2 , hz - zh>=0. 
It follows e 2 , f 2 , h 2 \ z 2 e/ 1 . 

< ef+fe, ef-fe-hz>=< ef+fe, he-eh-2ez>=< ef+fe, hf-fh+2fz>=< 
ef + fe, fz — zf>=< ef + fe, ez — ze>=< ef + fe, hz — zh>=0 

< he+eh, ef—fe—hz>=< he+eh, he — eh—2ez>~< he+eh, hf—fh+2fz>=< 
he + eh, fz — zf>=< he + eh, ez — ze>=< he + eh, hz — zh>=0 

< hf+fh, ef-fe-hz>=< hf+fh, he-eh-2ez>=< hf+fh, hf-fh+2fz>=< 
hf + fh, fz - zf>=< hf + fh, ez - ze>=< hf + fh, hz - zh>=0. 

Therefore: ef + fe, he + eh, hf + fh £ 1^. 

< hz + zh + ef, ef — fe — hz>=< hz + zh + ef , he — eh — 2ez>=< hz + zh + ef 
, hf — fh + 2fz>=< hz + zh + ef , fz — zf>=< hz + zh + ef , ez — ze>=< 
hz + zh + ef, hz - zh>=0 

< ez + ze — 2eh, ef — fe — hz>=<ez + ze — 2eh , he — eh — 2ez>=<ez + ze — 2eh , 
hf — fh+2fz>=<ez+ze — 2eh , fz — zf>=<ez + ze — 2eh , ez — ze>=<ez+ze — 2eh 
, hz — zh>=0 

< f z + zf -2hf , ef - fe-hz>=<f z+zf -2hf , he-eh-2ez>=<fz+zf-2hf, 
hf - fh + 2fz>=< , fz - zf>=< fz + zf - 2hf, ez - ze>=< , hz - zh>=0 

In consequence, hz + zh + ef, ez + ze — 2eh, fz + zf — 2hf G I 1 - . 
We will use the following notation: (a, b) = ab + ba and S={ e 2 , f 2 , h 2 , z 2 , (e, /), 
(e, h), (/, h), (h, z) + ef, (e, z) - 2eh, (/, z) - 2hf}. 



1 if a = a', P = P' 
otherwise 
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We have proved the inclusion S C J .We will check that S generates I . 
Let b be an clement of degree two in I . Then b has the following form: 
b= aie 2 + a 2 f 2 + a 3 h 2 + a 4 z 2 + ai 2 fh + a 2 ihf + a 13 fe + a 3 ief + a u fz + a 4 izf + 
a 23 he + a 32 eh + a 24 hz + a 42 zh + a 34 ez + a 43 ze. 
which can be rewritten as: 

b = a 4 e 2 + a 2 f 2 + a 3 h 2 + a 4 z 2 + a 12 {fh + hf) + ai 3 (/e + ef) + a u (fz + zf - 
2ft/) + a 23 (he + eh) + a 24 (hz + zh + ef) + a 34 (ez + ze — 2eh) + b' . 

Where b' = (a 2 i - a 12 + 2a u )hf + (a 3 i - a i3 - a 24 )ef + (a 32 - a 23 + 2a 34 )eh + 
(an - a 14 )zf + (a 42 - a 24 )zh + (a 43 - a 34 )ze. 

It follows b' El^. 

Then < b',fz — zf >= a i4 — a 4 \ — 0, < b' ,hz — zh >= a 24 — a 42 = 0, < 
b' ,ez — ze >= a 34 — a 43 = 0. 

< b', hf - fh - 2fz >= = a 2 i - a 12 + 2a u , < b' , ef - fe - hz >= = 
a 3 i - a 13 - a 24l < b' ,he - eh - 2ez >= -((a 32 - a 23 + 2a 34 ) = 0. 

We have proved b' — and I 1 - is generated by S, this is: { e 2 , f 2 , ft 2 , z 2 , (e, /), 
(e, h), (/, h), (ft, z) + ef, (e, z) - 2eh, (/, z) - 2hf} = J-K 

The algebra B ] is graded and B' = L © £i © L 2 © L 3 L 4 , with L = CI, 
Li = Ce ffi C/ ffi Cft. © Cz, L 2 generated by { /e, he, fh, fz, hz, ez}, L 3 generated 
by {/fte, fez, fhz, hez} and L 4 generated by { fhz}. 

We most prove dim cL 2 = 6, dim <cL 3 = 4, dim cL 4 = 1. 

Using the resolution for the simple graded B-modulc S *) and the Koszul prop- 
erty [GM1] we get what we claimed, dim cL 2 — 6, dim cL 3 = 4, dim cL 4 = 1. 

It follows that the algebra B ] has simple socle, hence it is selfinjective [Y]. 

By Koszul theory, [Sm] the algebra B is Artin-Schelter regular. 

It will be clear from the relations that the algebra B ] has a structure related 
with the exterior algebra. 

Let C' be the exterior algebra: C ! =C<e, /, h>/<e 2 , f 2 , ft 2 , (e, /), (e, ft), (/, z)>. 
Then C ! is a subalgebra of B' and B ] decomposes B ] = C ! © C ] z as a left and 
B' == C ! © zC' as a right C ! -module . 

It is clear that B/zB = C where C is the polynomial algebra C[e./, ft]. 

Observe that as in [MMol] C appears as a quotient of B and C ! as a subalgebra 
ofS ! . 

In the next proposition we describe the relations between the homogenized en- 
veloping algebra B and the usual enveloping algebra of s£(2, C). 

Proposition 1. There is an isomorphism of ' C- algebras B / (z — 1)B = U. 

Proof. We have C-algebra homomorphisms C < e,f,h > J ^> B A B/(z — 1)B. If 
q(e, f, ft) is a word in e, /, ft and j(q(e, f, ft)) = q(e, f, ft) + /. 

Let ip be the composition (p — irj. Then ip(he — eh — 2e) — j((he — eh — 2ez) + 
2e(z - 1)) + (z- l)B = 0. 

Similarly, ip(ef - fe - ft) = and ip(hf - fh + 2f) = 0. 

The ideal L =< ef — fe — ft, he — eh — 2e, hf — fh + 2f > is contained in the 
kernel of ip and if induces an homomorphism Tp : U —±Bj(z— 1)B. 
We prove that Tp is an isomorphism, 
i) Tp is injective. 

Let u be an element of U and u = ^Cij.ke 1 f^h k with Cij.k a finite number of 
elements in C. Tp (u)=0 if and only if ^2cij.ke l f : >h k = b(z — 1) E (z — 1)B and 
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6 can be expressed as 6 = qa + q\z + q2Z 2 + ...qtz t . We write X4*j-fc e * f 3 h k = 
-qo + (go - q\)z + (qi - qi)z 2 + ...(qt-l - qt)z l + q t z t+1 . 

Since e, /, h, z induce a Poincare-Birkoff basis in 5, Ci,j.ke l f J h k = —qo an d 
q = qi = ... = q t = 0. 

ii) Tp is surjective. 

Let b + (z — 1)B be an element of Bj (z — 1)B and b = qo + q\z + q 2 z 2 + ...qtz 1 . 
We write z k — ((z — 1) + l) fe = (z — l)p(z) + 1 with p(z)& polynomial in z. 
Then b + (z - 1)5 = q + qi + q 2 + -qt + (z - 1)5. 

Therefore: lp(q Q + q x + q 2 + ...q t ) = b + {z - 1)5. □ 
We give next another characterization of U . 

We will follow very closely the ideas and results form [MMol], although the next 
propositions were given in [MMol], we include them here for completeness. 
By construction 5 is a C[z]-algebra. 

Consider the multiplicative subset S = {1, z, z 2 ,..} of C[z] and denote by C[z]s 
the graded localization. It was proved in [MMol] that there is a C-algebras isomor- 
phism C[z]s — C[z, z^ 1 ], where C[z, z _1 ] denotes the Laurent polynomials. 

The algebra B z = B ®c[z] C[z,z _1 ] is a Z-graded algebra with homogeneous 
elements b/z k , where b is homogeneous and the degree oib/z k is deg(6/z fc )=deg(b)- 
k . 

There exists a homomorphism of graded algebras ip : B — > B z given by tp(b) = 
6/1 = 6 (g> 1. Consider the composition of rings homomorphisms: B 4 5; 4 
B z /(z - 1)5^. Clearly (z - 1)5 C kcrTr^. 

Let 6 be an element of 5 such that 6/1 G (z - l)5 z .This is: 6/1 = (z - l)b' / z k . 

Therefore: z l b = (z — Vjz*!/ = (z— l)p(z)b+b andp(z) a polynomial in z. Hence, 
6 = (z - 1)6" G (z - 1)5. 

We have a factorization of ircp: 

5 4 B z 4 B z /(z-l)B z 

\ S 

q B/(z-l)B V 

with ip an injective homomorphism of C-algebras. 

Let b/z k + (z — \)B Z be an element of B z /(z — 1)B Z . The element b/z k can be 
written as: b/z k = bg/z e + bg. i/z 1 ^ 1 + ...bo + biz + ...b m z m , where each 6j is a 
polynomial in e, /, h. 

For each i, 6^/1 = z%/ z i = (z - l)p(z)bi/z l + h/z 1 . Then b t /z l + (z - l)B z = 
h/l + (z-l)B z . 

It follows b/z k + {z- l)B z = (b e + b e . 1 + ...b a + h + ...6 m )/l + (z- l)B z . 

The element u = bi + bg_ i + ...bo + &i + ■■■b m is a polynomial in e, /, h , therefore 
it is an element of U = B/(z — 1)5 and ip(u) — b/z k + (z — l)B z . 

We have proved ip is an isomorphism with inverse . The composition r = 
i/> -1 7r makes the diagram: 

5 4 B z 

\ 4 

q B/(z-l)B t 

commute. 

The algebra B z is Z-graded and has in degree zero a subalgebra (5 z )o- There 
is an inclusion (5 Z ) — > B z and a projection B z — > B z /(z — 1)B Z . Denote by 
9 :(5 Z ) — > B z /(z — l)B z the composition. 
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Proposition 2. The morphism 8 :(B z )q — > B z /{z — \)B Z is an isomorphism. 

m 

Proof. Let u — J2di(f> h, e)z~ Ui be an element of (B z ) , this is: each gt(f, h, e) 

i=0 

is a polynomial in e, /, h of degree ra and no > ri\ > ... > n m . 

m 

We can rewrite w as u = z~ n °~ 1 E<7i(/, h, e)^ n » +1_,, ' = 

m 

z~"° _1 (E (<?*(/, e) + (z - 1)^(z) 5j (/, /i, e)). 

m 

We write g( /, h, e) = Y,(9i(f, K e). 

i=0 

Hence; 6>(u) = u + (z - l)B z = z~ n °- 1 g{f, h, e) + (z - l)B z . 
Assume 6(u) = 0. Then z- no ~ 1 g{f, h, e) = (z - l)b' Z - k . 
It follows that there exist integers s,t > with 
z*g(f, h, e) = g(f, h, e) + (z - l)p(z)g(f, h, e) = (z - l)b"z*. 
Therefore: g(f, h, e) = (z — 1)6 with 

b = b {f, h, e) + h(f, h, e)z + b 2 (f, h, e)z 2 + ...b k (f, h, e)z k . 
As above, 

g(f, h, e) = -bo(f, h, e) + (b (f, h, e) - h(f, h, e))z + (h(f, h, e)- 
b 2 (f, h, e))z 2 + ...(6 fc _i(/, h, e) - b k (f, h, e))z k + b k (f, h, e)z k+1 . 

It follows g(f, h, e) = -b (f, h, e) and b (f, h, e) = h(f, h, e)) = 
b 2 (f, h, e) = ... = b k (f, h, e) = 0. 

m 

We have proved J2(gi(f, h, e)=0 with each <?,(/, h, e) homogeneous of degree 

»=o 

It follows ft, e) = for all i and u = 0. 
We prove next that is surjective. 

Let b/z k + (z — 1)£> Z be an element of B z /(z— 1)B Z , b = J2°i an d h homogeneous 

i=0 

components of degree n, with no < n\ < ... < n m . 

As before, z rim ~ ni b l = (z — l)p l (z)b l + bi, the clement of B, b\ = z nm ^ n% b l is 

m 

homogeneous of degree n m and b' = E b ■ is homogeneous of degree n m = I. 
Then b/z k + (z- l)B z = b'/z k + (z - l)B z . 

If I > k, then b'/z k + {z- l)B z = z e - k b'/z e + (z- l)B z = b'/z e + (z- l)B z with 
degree b' / z l = 0. 

If £ < k, then b"/z k = z k - e b'/z k = b'/z k + (z - l)p{z)b' j 'z k , where b" = z k ~ l b 
has degree k. 

b"/z k + {z- l)B z = b'/z k + (z- l)B z = b/z k + (z- l)B z . 
In the first case 6{b'/z e ) = b/z k + (z - l)B z . 
In the second case 6{b" / z k ) = b/z k + (z - l)B z . 

We have proved 9 is an isomorphism. □ 

With the identification U B/(z - 1)B = B z /(z - l)B z we have proved B z has 
a U in degree zero. 

Theorem 3. There exist an isomorphism of graded rings: U\z,z~ x \ = U ®c 

C[Z,Z-!] SB^cyClz.Z- 1 ]. 

Proof. Identifying U with (S z )o we will prove that the morphism: 

" : (-B z )o ( X'cC[z, z^ 1 ] — > B z given by \x{\)z~ l ®z k ) = bz k ~ l is a ring isomorphism. 
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Let b/z be an homogeneous element of B z with degreefe = I + k. 
Then b/z e = z k b/z e+k and ^{b/z l+k <g> z k ) = b/z e and \i is surjective. 
Let b/z k be an homogeneous element of degree zero. 

k 

Then b = J2di(f> h, e)z k ~ % with each gi(f, h, e) a polynomial in /, e, h which 
is either zero, or degree((?i(/, h, e)) = i. 

k 

H{b/z k ®z l ) = z e - k J29r(f, h, e)z k -' 1 = in B z . 

k 

There exist t > such that z* J29i(f' h, e)z k ~ l = in B.z 
Then b/z k <g> z e = z t b/z k+t ® z e = 0. 

We have proved /U is an isomorphism. □ 

The ring U\z,z~ x \ is a strongly Z-graded. The ring homomorphism U — » 
J7[z,z _1 ] induces functors: 

C/[z,z _1 ] ®!7 — : Modjj — > Gr l/ [ z z -i] and res^ : Gr , [ /[ ZjZ -i] — > Modu- 
By Dade's theorem [Da] we have: 

Theorem 4. The functors U{z, z" 1 ] ®u — and resjj are inverse exact equivalences. 

Corollary 1. The equivalences Ulz^z^ 1 ] ®t/ — and resjj preserve projective and 
irreducible modules and send left ideals to left ideals giving an order preserving 
bijection. 

Definition 1. Given a B-module M we define the z-torsion of M as t z {M) = 
{m G M \there exists n > with z n m = 0}. The module M is of z-torsion if 
t z (M) = M and z-torsion free ift z (M) = 0. 

t z (M) is a submodule of M and a map / : M — > N restricts to a map 
f\t z (M) '■ t z (M) — > t z (N) in this way t z {— ) is a subfunctor of the identity with 
t z (t z (M))=t z (M), 

For any £>-module M there is an exact sequence: 

0^ t z (M) M -» M/t z (M) ^0 

with t z (M) of z-torsion and M/t z (M) z-torsion free. 

The kernel of the natural morphism M -> M z — B z ® B M is t z (M). 

In the next proposition we describe as a particular case known facts concerning 
any localization [P]. 

Proposition 3. The following statements hold: 

i) Given a graded map of B -modules f : M — > N the map induced in the local- 
ization: f z : M z — ► N z is zero if and only if f factors through a z-torsion module. 

ii) Assume the localized modules M z is finitely generated and let ip : M z — > N z 
be a morphism of graded B z -modules. Then there exists an integer k > and a 

morphism of B -modules f : z k M — > N such that the composition M z A (z k M) z -A- 
N z , f z <J = ip and a is an isomorphism, of graded B z -modules. 

in) Let M be a finitely generated B z -module. Then there exists a finitely gener- 
ated graded B-submodule M of M such that M z = M z . 

Proof, i) Let / : M — > N be a morphism of graded i?-modules with f z = and 
m G M. Then /(m)/l = implies there exists an integer k > with z k f(m) = 0, 
hence f(M) is of z-torsion and / factors M -> f(M) N. 
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Conversely, if / = hg with g : M — >• L and h : L — > N maps with L of z-torsion, 
the L z = and f z = h z g z = 0. 

ii) Let ip : M z N z be a morphism of graded -B z -module and M z , N z finitely 
generated. Assume mi, to 2 , ••• m-k generate M z and degree TOj — di and let d be 
d = max{c?i} 

ip(nij) — riij ® z y with degree riij + kij = d^. 

If fcy > 0,then riij <E>z kij — riijZ kij <E> 1 and we may assume that in the expression 
<f(m,j) = J2 n ij ® an % — 0- Let k be k = max{— kij}. Then fc + kij > 0. 
Hence; f(rrij) — riijZ k+kij ® z - * = to,- ® z^* and degree rij — k + dj. 

Let j : M — > M z = M®q z ]C[z, z _1 ] is the localization map j(m) = m/1 = m(g>l 
and ip : M z — M ®c[z] C[,z, Z ~ X \ ~^ N z —N ®q 2 ] C[z, z -1 ] is the given map. 

Let /' : z k M -> N ®c\z] C[z, z^ 1 ] be the map f(z k m J ) — z k nj ® z~ fc = rij ® 1 
and f'(z k M) C AT ® 1 = AT restricting the image and identifying A" 1 = N we 
obtain a map / : z k M — > AT given by f(z k m,j) = rij. 

There is an exact sequence -> z k M A M -)■ M/z k M -> 0, where M/z k M 

is of z-torsion. Localizing we obtain an exact sequence: — >■ ( z k M) z M z — > 
(M/z k M) z ->■ with (M/z k M) z = and the map cr = i z is an isomorphism. 

The morphism / 2 is defined as / z (m/z £ ) = f z (z k (m/z k+e ) = f(z k m)/z k+e = 
<p(z k m)/z k+i = z k ip(m)/ z k+e = (p{m)/z i — <p(m/ ' z l ). 

iii) Let M be a finitely generated f? z -module with homogeneous generators mi, 
to 2 ,... m*; of degree TOj = rf,. 

By restriction, M is a B-modulc. Let M be the L?-submodule of M generated 
by mi, m 2 ,... m k . 

We need to check that under localization M z is isomorphic to M as i3 z -modules. 

Localizing, ~M z = B z ®s M = C[z,z _1 ] ®q z] B ® B M = C^z" 1 ] ®q z] M. The 
homogeneous elements of M z are of the form z~ k ®m, let /U : C[z, z _1 ](g)q z ]M — > M 
be the multiplication map fi(z~ k <g> m) = z~ k m, hence ^(z~ k ® m) = =z~ k m 
implies z k z~ k m = m = 0. 

and /it is injective. 

Let to be an homogeneous element of M of degree fc. Then to = J^bi/ z ni rrii 
and degree bi + di — n-i = k. Let n be n = maxjrii}. 

Therefore: z"m = ^ z n ~ ni bi/m = m and m £ M with degreem = fc + n . 

It follows, [i{z~ n ®m) = to. □ 

Corollary 2. Let M and AT be graded B -modules with M finitely generated. A 
morphism ip : M z — > N z is an isomorphism if and only if the map f : z k M — > N 
such that f z = ip has kernel and cokernel of z-torsion. 

3. The homogenized Verma modules 

In the previous section we saw that there is an exact equivalence between the 
category of graded £? z -module, Grs z and the category of /7-modules, Modjj, where 
U is the enveloping algebra of s£(2, C), B its homogenization and B z is the local- 
ization of B in z. We also sketched the relations between the category of graded 
B-modules and the category of graded L? z -modules. We remarked that the algebra 
B is Koszul and studied both the structure of B and the structure of its Yoneda 
algebra B' . In this setting families of modules over the enveloping algebra are 
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know and we know that B' is a sclfinjective Koszul wild algebra whose graded sta- 
ble Auslander-Reiten components are of type ZAoo [MZ]. The aim of the section 
is to lift known categories of U- modules to categories of i?-modules. What we 
mean is; to describe categories of -B-modules such that, when we apply the local- 
ization functor and restrict them to the degree zero part of U of B z , we obtain 
the given categories of {/-modules. In some cases we will be able to use Koszul 
duality to obtain families of £? ! -modules and see how they are distributed among 
the Auslander-Reiten components. Of special interest are the Verma modules, we 
study homogenized versions of Verma £>-modules and of the so called, category O 
[Ma] . 

3.1. The Verma .B-modules. For each A £ C we define the homogenized left ideal 
I\ of B by I\ = Be + B(h — Xz) and the homogenized Verma module V(A) = B/I\. 
An homogeneous element b of V(A) is of the form: 

b = b + I\ with b = E °i, j,m.if l h : >e m z e - which can be written as: 

»+ j + m + e = k 

b= E c i , j , m jz e f i h?e m + E <•:.,,;'./"/<• and 

»+ j + m + l = k i+ j + i = k 

m>l 

b= E < jt i^fih - \z) + \ z y + I x = 

i+ j+i=k 

E E e l ^^p{h-xzy-\xz) t + i x = e 4^/* + ^. 

t=0»+ j+e=k i+ j+i=k 

It follows that the monomials { pz m } generate V(X) as C-vector space. We 
prove they form a basis. 

We will prove by induction on k that E a ijP z ^ S I\ implies = 0. 

i+j=k 

For k = 1, a iz + a w f = b\e + b 2 (h — Xz) implies b\ = and b 2 — 0, therefore: 

«oi = aio = 0. 
Assume k > 1. 

If E aijfz j e I\, then E <Hjf i z j = 

i+j=k i+j=k 

E c i , j , m ^z t f i hPe m+1 + E c' ithl z i f i Ve m (h-Xz). 

i+ j+m+l=k-l i+ j + m + e = k-l 

Since eh = he — 2ez, it follows by induction that e m h — he m — 2me m z and 
e m (h - Xz) = he m - (2m + X)e m z. 

Then E aijf* j = 

i+j=k 

E <%, j , m ,t* i fWe m + 1 + E d itj , e z l fhi{h-Xz). 

i+ j+ m +e=k-i i+ j+e=k-i 

This implies c? j m l = . 
Hence we have equalities: 

£o«/V= z(J2 d' lJt z^py{h-Xz))+ E d'rpv(h-Xz) 

i+j=k i+ j+ e=k-i i+ j=k-i 

= z( (E d\^^pw{h-xz))-x E d?j i hA+ E '/::,/'/'•'•'• 

\i+ j + e=k-l i+ j=k-l j i+ j = k-l 

Therefore: d"j — 0, which implies au,o = 
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In the equality: a-ijf 1 ^ = z (E d\ j nZ l ~ x ph?{h — Xz)) we can cancel 

i+j=k i+ j+e=k-l 

z in both sides to have: 

E o«/V= E d^^fh^h-xz). 

i+j=k-l i+ j+e=k-l 

It follows by induction = for all i, j. 
We have proved the following: 

Proposition 4. For eac/i A G C the monomials { f l z m } form a C- basis of the 
homogenized Verma module V(X) = B/I\, where I\ = Be + B(h — Xz). 

Corollary 3. The homogenized Verma module V(X) = B/I\ is z-torsion free. 



The exact sequence: 0^I\^B^B/I\^§ induces by localization an exact 
sequence of -B z -modules — > (I\) z — > B z — »■ (B/I\) z — > 0, restricting to the degree 
zero part we get an exact sequence: 

-+ ((h) x )o ->• (Bz)o ->• ((B/I x ) z ) -> 
We proved the isomorphisms: 17 ^ - 1)B = B z /(> - = (B 2 ) . 
In the other hand, (7 A ) Z = B z ® B h = B z ® B Be + B z (g> B B(h - Xz) = 

B z e + B z (h - Xz) = B z e/z + B z (h/z - A). 

Hence; ((I x ) z ) = (B z ) e/z + (B z ) Q (h/z — A) = (B z /(z - l)B z )e/z + (B z /(z - 

l)B z )(h/z-X).. 

As above, e+(z-l)B z = e/z+(z-l)B z and h-Xz+(z-l)B z = h-X+(z-l)B z . 
It follows ((h) z ) = (B z /(z - l)B z )e + (B z /(z - l)B z )(h - X) = Ue + U(h-X). 
Using these isomorphism we obtain an exact sequence: 
-> Ue + U(h - X) -> [/ -> {{B/h) z ) -> 0. 

Therefore: (V(A))o is the usual Verma [/-module which we will denote by M(A). 
It is well known [Ma], which Verma [/-modules M(A) are irreducible. 

Proposition 5. ^4 Verma U -modules M(X) is irreducible if and only if X £ NU{0}. 

If n G N U {0}, then the Verma U -modules M(n) is indecomposable. 
Furthermore, the module M(—n — 2) is the unique simple submodule of M(n) and 
M(n)/M(—n — 2)=V^ n+1 ) is the unique finite dimensional simple of dimension 
n+l. 

As a consequence of this proposition and the exact equivalences: 

resjj : Grs z = Gr U [ zz -i^ — > Modjj and [/[z,;? -1 ] <S>u — ■ Modjj — > Grs z it 
follows: 

Proposition 6. The localization of the homogenized Verma B-module V(X) Z is 
irreducible if and only i/A^NU {0}. 

From this proposition we obtain the following properties of the homogenized 
Verma modules. 

Proposition 7. i) Given a non zero submodule X of the homogenized Verma B- 
module V(X) with X £ NU {0} the module V(X)/X is z-torsion. 
ii) The module V(X) is indecomposable for any X G C. 

Proof, i) Is a consequence of the previous proposition and ii) follows from the fact 
that V(A) has an indecomposable graded projective cover. □ 



As a consequence of Proposition 5, we have: 
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Proposition 8. Forn G NU{0}t/ie homogenized Verma module V(n) induces exact 
sequences: 

-> V(-n - 2) -> V(n) -)• V(n)/V(-n - 2) -> and -> V(-n - 2) z ->• 
y(n) z — > (V(n)/V(— n — 2)) z — > wzi/i V(—n — 2) 2 i/ie unique simple submodule of 
V(n) z and (V(n)/V(—n — 2)) z has in degree zero the simple U -module of dimension 
n+l, 

In the next theorem we prove that the homogenized Verma modules are Koszul 
of global dimension two. 

Theorem 5. Let V(X) be a homogenized Verma B-module. Then V(X) has a 

minimal projective resolution: — > B[— 2] -4 -B © S[— 1] — ^ £> — > V(A) — > wii/i 
c£i(a, 6) = ae + b(h — \z) and d 2 (b) — b((\ + 2)z — h,e). In particular V(X) is a 
Koszul B-module. 

Proof. We look to the map d\ in degree zero: (d\)o{a, b) = ae + b(h — Xz) = with 
a, b E C implies a = and b = 0, hence di is a monomorphism in degree zero. 
Let a, b e B be homogeneous elements of degree deg ree(a) = degree(b) = m > 

0. 

G?i(a, b) = ae + b(h — Xz) = implies ae = b(Xz — h). 
The elements a, b can be written as: 

a = E ai,j,k,ifh J e k z i , b= E b i j ik ,ef l h : >e k z i . 

i-\-j-\-k-\-£=m i-\-j-\-k-\-£—m 

Thenae= E <H, j , kt tf i h?e k+1 z t = £ b iJtktl f i h?e k z t (\z - h). 

i+j+k+£—m i+j+k+£—ra 

By induction we prove, e k (Xz — h) = (2k + X)e k z — he k . 

Then b(Xz - h) = £ b itjXl fh j ((2k + X)e k z - he k )z e = 

i-\-j-\-k-\-£—m 

£(2fc + A)& i , jiM / i /iW +1 - £ b iij , k , e f i W+ 1 e k z e . 

i+j+k+£=m i+j+k+£=m 

Comparing both sides of the equality ae = b(Xz — h) we obtain bijfi,e = for i, 
j. i with i + j + £ = m. 

We can cancel e in both sides of the equation to get: 

a = £ at,j,k,£f l h 3 e k z e = 

i+j-\-k+£=m 

J2(2k + X)b l ^ k jPVe k - 1 z l + 1 - £ ^, M /W +1 e fe -V. 

i+j+k+£—m i+j+k+£—m 

We prove he k ~ 1 = e k ~ 1 h + 2(k - l)e k ~ 1 z. 
Substituting in the above equality we have: 
a = £(2fc + X)b iijXe f i We k - 1 z e+1 - 

i-\-j-\-k-\-£=m 

£ b i ^ kii fhie k - 1 z e /i-£2(fc- l )Ko, k,ef i h^e k - 1 z l+1 = 

i-\-j-\-h-\-£=m i-\-j-\-k-\-£=m 

z( £(2 + A) bijufWe*- 1 !*) - ( £ bij^efVe^z^h. 

i-\-j-\-k-\-£=m i-\-j-\-k-\-£=m 

Let 6' be 6'= E ^e k ~ 1 z e = E h dA ef i h^e k z e . 

i+j+k+£=m i+j+k+£=m—l 

With this notation, we have proved a = b'(2 + X)z — b'h = b'((X + 2)z — h) and 
b'e = b, this is ker(di) m = b'((X + 2)z — h, e). 
Define d 2 (b') = (b'((X + 2)z - h), b'e). 

Then the sequence: -> B[-2] % B © B[-l\ % B -> V(X) ^ is exact. □ 
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Corollary 4. Let M(X) be a Verma module over the enveloping algebra U of 
sl(2,C). Then M(A) has global dimension two. 

Since V(X) is a Koszul module, we can apply Koszul duality to obtain a Koszul 

5 ! -modulc W(X) = ® Ext k B (V(X),B ). W(X) = W(X) Q © W(X) 1 © W(X) 2 where 

W(A) = Hom c (B/JB,C), W(A)i = (Hom c (B / JB ® B / JB,C)) = Hom c {Ce® 
C(h - Xz),C) W(X) 2 = Hom c (B/JB,C), with B/JB = C. 
We want to find the structure of W(X) as -B ! -module. 

In B' we identify the arrows e, /, h, z with the dual basis 5 e , Sf, Sh 1 S z . We 
start computing the product e.l in W(X)o- 

We identify e with the extension e:0^C^i?^C^0. 
We have the following commutative diagram: 

0^ Be + B(h-Xz) -> B -> t/(A) -> 

3 I 1 I I 

0^ JB -> B -> C ->0 

Ce © Cf © C/i © Cz | 1| 

^ C — > E -> C -> 

We have a factorization: 

Be + B(h- Xz) -4 JB A CeffiC/©C/iffiCz 

CeffiC(Zi-Az) C 

We identify the product el with the map S e i : Ce C(h — Xz) — > C, where i is 
the natural inclusion. 

The vector space Ce © C(/i — Az) has dual basis S e , Sh-Xz and we write S e i = 
aS e + b5h-Xz, a, b eC. 

5 e (h — Xz) = aS e (h — Xz) + bSh-\ z {h — Xz) = 6 = and <5 e (e) = aS e (e) + 
b5h-\z{e) = l = a. 

We have proved el = 5 e . 

A 

Similarly,/1 = Sfi = aS e + bSh-\ z ■ It follows Sf(e) = = a, 5f(h — Xz = = b. 
Therefore: fl = 0. 

A 

We compute hi = Sh = aS e + bSh-\ z and 5h(e) = aS e (e) = a = 0, Sh(h — Xz) = 
1 = b5 h -xz(h - Xz) = b. 

A 

It follows hi = Sh-Xz- 

It only remains to compute zl. As above, zl = S z = a5 e + b5h-\ z and S z (e) = 
aS e (e) + b8h-\z{e) = a = and S z (h — Xz)) = b5h-\ z {h — Xz) = b = —A. 

zl = -X5 h -\ z - 

It follows (z + Xh)l = -X5 h -\ z + X5 h - Xz = 0. 

Therefore we have the following exact commutative triangle: 

B- 4 W(X) ->0 

B'-/B'-f + B ] (z + Xh) 
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the map ip : B' / B' f + B'(z + Xh) — > W(X) is an epimorphism. Using a dimension 
argument, we will prove it is an isomorphism. 

Since B' Q = C, then (B'/B-f + B'(z + Xh)) = C. 

The vector space B[ has basis e. /, h, z hence; e, /, h, (z + Xh). It follows 
[B'/B'f + B'{z + Xh)) 1 has basis {e, h}. 

The vector space B 2 {fe, he, fh, fz, hz, ez}, where fe = —fe and fh = —hf, 
hence; fe, fh G {B' f + B\z + Xh)) 2 . 

We have h(z + Xh) = hz + Xh 2 = hz implies hz G (B'f + B ] (z + Xh)) 2 . 

From the equality fz + zf = 2hf it follows fz = (2h-z)f G {B' f + B'(z + Xh)) 2 . 

Since e(z+Xh) G (B { f+B [ (z + Xh)) 2 it follows ez = -Xze in B'/B' f+B- (z+Xh). 

We have proved (B'/B'f + B ] (z + Xh))2 is generated by he. 

Now B'3 is generated by { fhe, fez, fhz, hez}. It is easy to see that fhe, fez, 
fhz G B' f and hez — ~ezh, —ez(z + Xh) = —ez 2 — Xezh = —Xezh implies hez = 
in B-jB-'f + B\z + Xh). 

We have proved (B'/B'f + B l (z + Xh)) 3 = 0. 

By dimensions, ip is an isomorphism. 

We have proved: 

Theorem 6. For any X G C let W(X) be the B' -module corresponding to the 
homogenized B-module V(X) under Koszul duality. Then there is an isomorphism 
W(X) S B'/B'f + B\z + Xh). 

We now have a family {W(X)}\ e c of non isomorphic indecomposable Koszul 
modules. We know that the graded stable Auslander-Reiten components are of 
type ZAoo [MZ] [Ri]. We will prove below that each W(X) is at the mouth of a 
regular component, but we need to prove first the following: 

Proposition 9. The B' -module rB' / socB' is indecomposable. 

Proof. We proved above B' = C < e,f,h,z > /I 1 - and I 1 =< e 2 ,f 2 ,h 2 ,z 2 ,(e, f),(h, e), 
(h,f), (h,z) + ef, (e,z) — 2eh,/f,z) — 2hf>, the algebra _B ! is graded B ] = L © 
Lx © L 2 L 3 © Li, with L = CI, L x = Ce © Cf © Ch © Cz, L 2 =C fe © C he 
®Cfh © Cfz (BChz © Cez, L 3 =Cfhef © Cez © Cfhz © Chez and L 4 =C /ftz. 

To prove rB' / socB' = L\ ®L 2 ®L 3 is indecomposable we prove that the graded 
endomorphism ring Hom GrB \( rB'/socB', rB ] / socB') has dimension one as C- 
vector space. 

Let E : rB' /socB ] — > rB ] /socB' be a graded i? 1 -homomorphism. 
E(e) = one + ai 2 / + ai 3 /i + a i4 z 
^(/) = a2ie + 022/ + a,23h + a 2i z 
E(h) = a 3 ie + a 32 f + a 33 h + a 3i z 
E(z) = a 4 ie + a 42 / + a i3 h + a 44: z 

Then E(e 2 ) = = eE(e) = a 12 ef + a 13 eh + auez = —a^fe — a\ 3 he + auz 
Hence; 012 = 013 = 014 = 0. 

Similarly, E(f 2 ) = = fE(f) = a 21 fe + a 23 fh + a 2i fz implies = o 2 i = 023 = 
a 24 . 

E(h 2 ) = = hE(h) — a 3 ihe + a 32 hf + a 3 \hz = a 3 \he — a 32 fh + a 3 \hz, implies 
031 = a 32 = a 34 = 0. 

E(z 2 ) = = zE(z) = anze + ai2zf + ai 3 zh = -auez — 042/2 — 043/12: + 2aneh + 
2042/1/ — di 3 ef = — a 4 iez — a 42 fz — a 43 hz — 2anhe — 2a 42 //i + a 43 fe 

Implies a 4 i = a 42 = a 43 = 0. 
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In the other hand, we have: E(ef) = —E(fe) = —aufe and E(ef) = eE(f) = 
—a-22.fe, hence an = 0-2.2- 

E(hf) = a 22 hf, E(fh) = a 33 fh , E(hf) = -E(fh) implies a 22 = a 33 . 
E(zh) = zE{h) = a 33 zh and E(hz) — hE(z) — aahz 
E{zh) = —E(hz) — E(ef) = — 044Hz — a^ef = a 33 zh = a 33 (—hz — ef). 
Implies a 33 = 044. 

We have proved an = a 2 2 = & 33 = &44 = a. 
We have now, E(fhe) = fhE(e) = afhe. 

E{fez) = feE(z) = afez, E(fhz) = fhF{z) = afhz, E(ehz) = ehE(z) = aehz. 
Therefore: E = al. □ 

By [AR] there is an almost split sequence: — > rB ] — > B' © rB ] /socB ] — > 
B'/socB ] — > and rB ] is at the mouth of a stable component of type ZA^. 

Theorem 7. For each A e C the B l -module W(X) is at the mouth of a regular 
component. 

Proof. We prove first that there are no modules of type W(A) in the preprojective 
component. 

The component of the only indecomposable projective is of the form: 
o rP -> P -> ' P/S o 
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We distinguish five regions in this picture. 

Region A consists of all the modules on the two going up diagonals ending either 
in rP or in rP/S and the irreducible maps corresponding to the arrows. Along 
these diagonals the arrows represent epimorphisms and all the maps parallel to 
rP — > P/S are also epimorphisms. 

Region B consists of all modules on the going down diagonals containing either 
P/S or rP/S. All the irreducible maps on these diagonals are monomorphism and 
all maps parallel to rP/S — > P/S are monomorphisms. 

Region C consists of all modules below the going down the diagonal containing 
rP and below the going up diagonal containing P/S. In this region the irreducible 
maps on the going up diagonals are epimorphisms and the irreducible maps in the 
going down diagonals are monomorphisms. 

Region D consists of all modules above the going down diagonal containing P/S 
and Region E consists of all modules above the going up diagonal containing rP. 

In both Regions D and E all the irreducible maps on the modules along the 
going up diagonals are epimorphism and all the irreducible maps of modules along 
the going down diagonals are monomorphisms. 
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We will see that a module of the form W^(A) can not appear in any of these five 
regions. 

C 

1 /■ \ 1 

The module W(X) is of the form: C C and it has as submodulcs: 



C 



L= C C,Li=C , L 2 = C, 

i \ / i l \ s \ / i 

c c c 



s \ 

and L 3 = . 

c 

We have composition series: W(X) D L D L\ D L3 and W(A) D L D L 2 D L3. 

If W(A) appears in Region £) it appears at most at tree steps of the mouth, this 
is W{\) is on a going down diagonal and if it is not at the mouth either L 3 , L\, L 2 or 
L is at the mouth but we can non of the exact sequences: — >• L3 — > L 2 — >• S — > 0, 
0->i3— ^Li-)-^— ^0, 0->L— > W(A) -> 5 — >• with 5 simple is almost split. 

The reason is that, according to [AR], for an almost split sequence — > t(A) — > 
_E — >• A — >• 0, socA = topCl(A) and all modules L3, L2, L\, L have simple socle but 
topVLS = rB-/r 2 B- = Ce © C/ © Ch © Cz. 

Then if W(A) appears in region it appears at the mouth. 

By the same kind of argument if W(A) appear in region E it appears at the 
mouth. 

But we will see that it is impossible for W{\) to appear at the mouth of the 
prcprojective component. 

if it appears in region D, then for some integer k, Q 2k Af k (W(X)) is isomorphic 
to P/S where W denotes the Nakayama equivalence, but this is a contradiction 
because both the Nakayama equivalence and the syzygy preserve Koszulity and 
P/S is not Koszul. 

If W(A) appears in region E, then for some integer k there is an isomorphism 
tt 2k Af k (rP) = W(X) and this is also impossible since under Koszul duality £l 2k Af k 
{rP)= F(J 2k B) 

and dim c fl 2k M k (rP)/ r n 2k Af k (rP) = dim c J2 k /J 2k+1 = 2k + 1 > 1. 

If W(X) appears in region B, then it would contain cither rP/S or Pj S which 
is impossible by dimension. 

The module can not appear either in region A because in that case either rP or 
rP/S would be a quotient of W(X). 

Now if W(X) appears in region C, then a submodule L' of W(X) appears in the 
going up diagonal containing rPj S — > P/S and rP/S would be a quotient of L, 
which is impossible by dimensions. 

Observe that in a regular component there is only region D and by the above 
arguments W(X) has to appear at the mouth. □ 
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4. Homogenized weight modules 

This section will be dedicated to the study of the homogenized weight modules 
over the homogenized enveloping algebra of s£(2, C).We will study also a homoge- 
nized version of Gelfand's category O [BGG],[Ma]. 

Let M be a graded i?-module. For a given A G C. we consider the homogenized 
weight space V\ defined by V\ = {m G M \ hm = Xzm}. 

We have the following: 

Lemma 2. For any graded B-module M the C-vector space ^ V\ is a B-submodule 

AeC 

ofM. 

Proof. We claim that given m G V\ and an integer k > , e k m G Vx+2fe, that 
f k m G V\-2k, h k G V\ and z k m G V x . 

We only prove the first claim, the others are similar. 

We have proved above he k = e k h + 2ke k z. Hence; (h — fiz)e k = e k (h— (// — 2k)z). 
Let \x be n = X + 2k. Then (h — (A + 2k)z)e k m = e k (h - \z)m = implies 
e k m G VA +2 fe. □ 

We are interested in the case the sum is direct. 

Lemma 3. Let M be a graded z-torsion free B-module of the form M — ^ V\. 

AeC 

Then M — © V x . 
xec 

Proof. Assume = mi + m,2 + ... + with m, G V\ t and let hi be hi = (h — 
X\z)(h — X 2 z)...(h — Xi-iz)(h — X i+ iz)...(h — A^z). Then hitUj = if i ^ j and 
h l m l = J] (Aj - X j )z k ^ 1 m l . 

It follows hiO = = hi mi + htm 2 + ... + hiva^ = f\ (Aj — Xj)z k ~ 1 m i . Since M 
is z-tosion free = 0. □ 

Definition 2. ^ weight B -module is a graded B-module of the form M = © Vx- 

Aec 

We also need the next lemma. 
Lemma 4. Let M , N be graded B-modules, where M is of the form M = 

Aec 

and f : M — > N is a surjective homomorphism of B-modules. Then N = ^A 

AeC 

with W x = {n G N \ (h - Xz)n = 0}. 

Proof. Let m G V x . Then f((h - Xz)m) = f(0) = = (h - Xz)f{m) and f(V x ) C 

Hence f(M) = N = ^ /(V)a C E^CiV implies ^ W x = N. □ 

AeC Aec Aec 

Corollary 5. Assume M = J2V X and let t z (M) be the z-torsion part of M . Then 

Aec 

Mj t z (M) is a weight B-module and Mj t z (M) = © W x with W x = f(V x ). 

Aec 

Proof. We have a canonical epimorphism M — > Mj t z (M) — > 0. By the lemma Mj 

t z (M) — W x and by lemma 3, the sum is direct. 

Aec 
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We know f(V\) C W\. Let w G W\. Then w = f(vi) + f(v 2 ) + ...f(v k ) with 
Vi G V Xi . 

k k 

Hence FJ (h — \iz)w — JJ (A — \i)zw = implies A = A, for some i. Therefore 

1=1 i=i 

= f{v\) + f{v2) + ■■■f(vi) — w + ,f(v i+ i) + ...f(vk) and the fact that the sum is 
direct implies f(vj) = for i ^ j and w £ f(V\). □ 

We have the following homogenized version of a result in [Ma] . 

Proposition 10. Let M be a graded B-module of the form M — V\> N a 

\ec 

graded submodule of M and W\ = {n E N \ (h - Xz)n = 0}. Then N/ J2 W\ is of 

Aec 

z -torsion. 

Proof. Let n be an element in N. Then n = m\ + m 2 + ...m k with mj G V\ ( 

As above hi = (h — \\z){h — \ 2 z)...(h — A i _ 1 z)(/i — \ i+ \z)...{h — A fe z). Then 
hin = h t m t = J] (A, - A J > fe - 1 m i G N n V Xi = W Xi . 

It follows z k ~ x n G E Wa- 

AGC 

We have proved TV/ ^ TL"a is of z-torsion. □ 

Aec 

We will consider the subcategory C of the category Grs of graded B- modules 
defined as follows: 

A module M is in C if and only if M/t z (M) contains a weight submodule © V\ 

Aec 

such that the cokernel of the inclusion map: j : V\ — > M/t z (M) is of z-torsion. 

AGC 

Informally it means M can be "approximated" by a weight module, or that up 
to z-torsion M is a weight module. 

Definition 3. We will call C the category of generalized weight modules. 

We have the following: 

Proposition 11. i) Every submodule of a generalized weight module is a generalized 
weight module. 

ii) Each quotient of a generalized weight module is a generalized weight module. 

Hi) A sum of two generalized weight module is a generalized weight module. 

in) If M , N are two B-modules, then M ®c\z} N has structure of B-module and 
if both M, N are generalized weight B-modules, then M ®c[*] N is a generalized 
weight B-module. 

Proof, i) If TV is a submodule of M, then t z (M) H N — t z {N). 

By hypothesis, there is an exact sequence — >• © V\ — > M/tJM) — > X — > 0, 

Aec 

with X of z-torsion. Letting W be W — © V\ fl (N/t z (N)), we have an exact 

Aec 

commutative diagram: 
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1 




-> 


w 


Aec 




-> 








1 




-> 


JV/t z (iV) 


-> M/t z (M) 




-> 






1 


1 




-> 


X' 




-> X" 


-> 






1 


I 


















Here X of z-torsion implies X' is of z-torsion. 

Since W is contained in © V\ and it is z-torsion free, Lemma 3, and Proposition 

Aec 

10 imply Y = Wl © W\ is of z-torsion . 

Aec 

We have an exact commutative diagram: 



I 

o or 

0^ © W x -)■ N/tJN) ->■ y ->0 
Aec 

0^ W -»• N/t z (N) X' ^0 

4" 4 
o^ y o o 

o 

where y and X' are of z-torsion. Therefore y' is of z-torsion. 

ii) Let M be a generalized weight module and / : M — > N an epimorphism. 
Then we have the following commutative exact diagram: 


















1 


I 


1 




-> 


- 


+ t z (M) 




-> 




1 


I 


1 




-> 


L 


+ M 


-> N 


-> 




I 


i 


I 




-> 


L/t z (L) - 


■» M/t z {M) - 


+ iV/iV' 


-> 




1 


I 


1 


















The module AT' is of z-torsion, hence X' C t z (N) and there is an epimorphism 
TV/AT' -> N/t z (N) ->■ 0. It follows that there is an epimorphism: M/t z (M) -4 
N/t z (N) -> 0. 

By hypothesis M/i z (M) has weight submodulc © V\ such the cokernel of the 

Aec 

inclusion is of z-torsion. 

By lemma 4, 7r( © Vx) = © W\ is a weight submodule of N/tJN) and we have 
Aec Aec 
an exact commutative diagram: 
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0^ 8 V x ->• M/tJM) X ^0 
Aec 

-> © Wa -> N/t x (N) X" 
Aec 

4- -I' 4- 



and X of z-torsion implies X" is of z-torsion. 

iii) Let M, N be B-modules in C . Then there exists exact sequences: 

-> © Vx ->• M/t z {M) X ^0, ^ © TY A ^ N/t z (N) -> Y -> 0, with X, 
Aec AeC 
y of z-torsion. 

Then the sequence: 

-> ( © F A © © Wa) -> (M/UM) © N/UN)) -> X © Y -> 

Aec Aec 

Is exact with X © Y of z-torsion ( © Y A © © WM = © (V © IY) A , t z (M) © 

Aec Aec Aec 

t z (N) i z (M © iV), where V = © Y A , and IY = © TY A . 

Aec Aec 
Therefore: M ® N. □ 

To prove part iv) of the proposition we need some preliminary results. 

Since z is in the center B is a C[z]-algebra and the inclusion C[z] — > B is a 
morphism of graded C-algebras. 

From the existence of a Poincare Birkoff basis of B, it follows B is a free C[z]- 
module. 

Let M, N be two left £>-modules. Using the Poincare Birkoff basis we want to 
define a B-modulc structure on M ®c[z] N. 

Let t be an element of this basis, this is: t = e k f l h n z m , for non negative integers 
k, £, n, to. 

ip t : M x N — >• M ©q z ] N is the morphism f t (m, n) = l/2(im © n + to © in). 

y t is bilinear and C [z] -balanced. ip t (to i + TO2, n) = l/2(t(m\ + TO2) © n + (mi + 
TO2) © tri) = l/2(tTOi © n + tm 2 © n + (mi © n + to 2 © in) = l/2(imi © n + m\ © 
n)+l/2(im 2 © n + to 2 © tn) — ip t (m\,ri) + tp t (m 2 ,n). 

Similarly, ip t (m,ni + n 2 ) = ip t (m,n\) + <p t (m, n 2 ) and ip t (m,zn) = l/2(im© 
zn + to © fzn) = l/2(tzm © n + zto © tn), since z is in the center of B. 

Hence; ip t induces a morphism Tpl : M©q z ] iV — > M®c[z] iV given by Tpl(m®n) — 
l/2(tm © n + to © tn). This morphism induces the structure of £?-module on 
M® rM N. 



Lemma 5. Let M be a z-torsion free graded B-module . Then M is torsion free 
as C[z]-module. 

Proof. Let to be a non zero element of M and / G C[z] with fm = 0. Since / is 
non constant / = (z — Ai)(z — A 2 )...(z — A„). 

/to 7^ implies there is an integer 1 < i < n such that (z — Aj)...(z — A„)m = 
to' 7^ and (z — Ai_i)m' = 0. 

Changing to for to' and A for Aj, to ^ and (z — A)m = 0. 

Since M is graded to has a decomposition in homogeneous components: to = 
toi + to 2 + ...TOfe with degree(TOi) > degree(mi + i). 

= (z — A)to = ztoi + zto 2 + ...zrnfc — Atoi — Ato 2 ... — Awfe and ztoi ^ and of 
maximal degree since not cancel with any other term in the sum, a contradiction. 

□ 
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Corollary 6. Let M be graded z-torsion free B-module. Then M is flat as C[z]- 
module. 

Proof. The module M is a direct limit of finitely generated torsion free modules. 
In a principal ideal domain a finitely generated torsion free module is free [MB] , 
hence M is a direct limit of flat modules, then flat. □ 

Proposition 12. Let M and N be graded B-modules, X and Y submodules of M 
and N , respectively, such that M/X and N/Y are z-torsion free. Then there are 
monomorphisms: X ®q z ] TV — > M ®c[«] TV and M ®c[z] Y M ®c[z] TV such that 
X ® C [,] Y = X ® cw N n M ®c W K anrf M ® c[z] X/(X <8> CM X + M ® c[z] K) S 
(M/X)® c[z] (N/Y). 

Proof. Since M/X and N/Y are flat as C[z]-modules, Torf lz] (-,N/Y) = and 
Tor^ z \M/X, — ) = 0, there is an exact commutative diagram: 



o^ x® c[x] y -> x® c[z] x -> x® c[z] x/x ->o 

4-4' 4- 
o^ M® CM y -> M® CN iV -> M® c[z] X/X ->0 

0^ M/X® c[z] Y M/X® c[z] N M/X® c[z] X/X -> 

4- 4' 4- 



which implies X ® c[z] Y = X ® c[z] X n M ® c[z] Y and M ® c[z] X/(X ® c[z] X) ^ 
M/X ® c[z] TV, M/X ® cw X/(M/X ® CM F) * M/X ® CN X/X. 
Hence we have the following chair of isomorphisms: 

M ®c M X/(X ® cw X + M ® c[z] X) = 
(M ® c[z] X/X ® c[z] X) /((X ® c[z] X + M ® c[z] X)/(X ® c[a] X) = 
(M/X ® c[z] X)/((M ® c[z] Y)/X ® C [z] JVy)) = 
M/X ® c[z] X)/M/X ® cw X) S M/X ® cw X/X 

□ 

We will also need the following: 

Proposition 13. Let M, N be graded z-torsion free B-modules. Then M ®c[z] N 
is z-torsion free. 

k 

Proof. Let X) m « ® n i be a non zero element of M ®c[z] TV and £ > such that 

i=l 

fe 

z t ^ J mi®n i =0. We may assume rrij, n, are homogeneous. 
»=i 

^C[z]ni is a finitely generated z-torsion free submodule of X, hence it is a free 
C[z] -module. 

t k 

Let ^ : © C[z] — > ^C[z]«i be an isomorphism and ej — (0, 0...0, 1, 0...0) the 

i=i 

t 

canonical basis of © C[z]. 
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t 

The morphism <p induces an isomorphism: 1 <g> ip : M <8»c[z] © C[z] — > M <g>c[ z ] 

i=l 

fc 

Since M is a flat C[z]-module, the inclusion j : ^C[z]nj — > TV induces a 

i=l 

k 

monomorphism 1 <g> j : M ®q z ] X^M n i ~~ ^ ®C[z] TV. 

»=i 

t 

We have <^ _1 (nj) = X) c ij' e i wrt h c «j € C[z]. 

i=i 

k t k 

Then (1 <g> j)(l ® ^)(X) TO i © (S c y e i) = X) m * ® n i- 

i— 1 i—l i— 1 

fe t k t 

Z— 1 Z— 1 i — 1 i — 1 

Then z e J2 m i® n i = = ^(l®j)(l®^)(X^j®(S c u e j)) = Z) z e {J2 m i c ij)® e i 

z— 1 i—l i— 1 z— 1 z— 1 

t t 
implies z i (J2 m i c ij) — and M z-torsion free implies ^rmcij = 0. 

i=l i=l 
k k t 

Therefore: J2 m i ® n i =(1 ® i)(l ® <P)(Z] Z m i c y ® e «) = 0- 

i— 1 z— 1 z— 1 

We have proved M ®c[zl i s z-torsion free. □ 

Applying the previous results we get: 

Lemma 6. Let M and TV be graded B -modules and denote by t z (—) the radical 
corresponding to z- torsion. Then t z (M <S>q z ] TV) — t z (M) <8>c[z] N + M®c[z] tz(N). 

Proof. Since N/t z (N) and M/t z (M) are flat C[z]-modules, the exact sequences: 

0^ t z (M) -> M -> M/t z (M) ->0 , 

0^ i z (TV) -»• TV -> N/t z (N) ->0 

Induce by tensoring exact sequences: 

0^ t,(M)® CM JV -)■ M(»c W JV -»• M/t z (M) ® cw TV -> , 

0^ M ® c[z ]t»(JV) -> Af® cw JV -> M® c[z] N/t z {N) 

Since i z (M) <g>q z ] TV, M(g) C [ z ] i z (TV) are z-torsion modules, t z (M) ® C [ Z ] TV+M ® c[z ] 
t z (N) is a z-torsion submodule of M<£>q z ] TV, hence it is obtained in f z (M ® C r z i TV). 

In the other hand, M ® c[z] TV/( t z (M)<8> C [z] TV+M®q z] i z (TV)) S M/i* (M) ® CW 
TV/t z (TV). 

By Proposition 13, M /t z {M)® c[z] N /t z {N) is z-torsion free. It follows, t z (M® C [ z ] 
TV) = t z (M) <8>c[ z ] TV + Tkf ®q z ] t z (N). □ 

After these results, we can finally prove: 

Claim 1. Lef M and TV 6e generalized weight B -modules. Then M ®q z ] N is a 
generalized weight B-modules. 

Proof. By hypothesis, we have exact sequences: 
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0^ 8 V X -> M/tJM) -> Z ->•{) 

Aec 

-> © W A -> N/t z {N) i? -> 

Aec 

with Z, i?, z-torsion modules. 

Since © VA., © Wa, M/t z (M), N/t z (N) are flat C[z]-modules, we have the fol- 
Aec Aec 
lowing commutative exact diagram: 



-> © V A ®c[z] © Wa -> M/t z (M) © c[z] © Wa -> Z ® CH © W A -> 
Aec 1 J Aec 1 J Aec 1 J Aec 

-> © V A ®cw ® Wa -> M/t z (M)® C [z]N/t z (N) -> L 

Aec Aec 

4* .J, 4- 

-> M/t z (M)® cw R -> M/t z (M)®c W R->0 



Since Z ®c[zl © Wa and M/t z (M) <S>c[zl -R are of z-torsion, i is of z-torsion. 

Aec 

Letting V and W be the weight spaces V = (B V\ and W — © Wa we only 

Aec Aec 

need to prove that V <8>c[z] W = © ®C[z] W)a- 

We will actually prove (V <S>c[z] W)\ = © V M <8>c[«] W<r- 

A — fl-\-(T 

We have a decomposition as C[z]-module: V <8>c[z] W = © <S>c[z] Wr- 

/^,<reC 

Let t; be an element of (V <8>c[z] W)A.Then w = t>i + t>2 + ...i>fc with G V^. <8>c[z] 

W ffl , this is: Vi = Y.vf ®wf> , vf G Vp. and G W ffl . 
i=i 

Using the structure of V <S>c[z] W as -B-module, h Vi — l/2(X^ v j*' ) ® + 

i=i 

X>f ) = zM^tnivf ®wf + f:vf®a jW f) = ( Jli + <T i )zY,vf®wf = 

(Mi 

Hence /iv = + hv 2 + .../iWfc = z((Mi + + 0^2 + cr 2)«2 + •••(Mfe + °~k)vk) — 
Xzv = z(\v\ + Xv2 + ...Xvk- 

Therefore z(X — (^ i +a i )v i = , V(g>c[z] W is z-torsion free. It follows A = /Uj+cr,. 
We have proved (V ® c[z] W) A C © V M <g> c[z] W a . 

A — ^i + cr 

Now let w G and w; G W CT with A = /i + a. 

Then ® to) = l/2(hv ® u> + v ® /nu) = (/i + cr)z(w ® tu) = Az(w ® w). 
Then v (g) to G (V ® C [z] W)a- 

We have proved (V © C [z] W) A = © C [z] W^. □ 

A — ^i + (T 

Definition 4. TTie homogenized category Ob is the subcategory of the category of 
generalized weight B -modules C satisfying the following two conditions: 

i) The module M in Ob is finitely generated. 

ii) For all v G M, dimC[z]v < oo. 
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We will see below that the homogenized Verma modules form a subcategory of 
Ob- 

Theorem 8. The category Ob is closed under submodules, quotients and finite 
direct sums. In particular is an abelian Krull-Schmidt category. 

Remark 1. Since B is a Koszul algebra of finite global dimension, for a given 
finitely generated B-module M there is a truncation M> k [k] which is Koszul in 
particular if M is in Ob the Koszul module M> k [k] is in Ob- 
Moreover, there is a commutative exact diagram: 


















I 




I 




-> 


t z (M >k ) 


t z (M) 


-> X 


-> 




I 


I 


I 




-> 


M >k 


-> M 


-> M/M> fe 


->• 




I 


4 






-> 


- M >k /t z {M >k ) 


-> M/t z (M) 




-> 




I 


I 




















wii/i 6o£ft X, y finite dimensional C-vector spaces. 

Proposition 14. Every homogenized Verma module V(X) is in Ob- 

Proof. We proved above that the graded B-module V(A) is defined as V(A) = 
B/(Be+B(h—Xz)) and that as C[z]-module it decomposes V(X) = ©( C/V). 

fe>0 i+j=k 

An element b of V(A) has a decomposition in homogeneous components: b = 
&»i + + ■•■&»* with hi- homogeneous of degree rrij. 

We have: (h — \iz)b = = (ft — ^z)b il + (h — fiz)bi 2 + ...{h — ^z)bi k if and only 
if for all j, (h — yz)bij = 0. 

We may assume b is homogeneous of degree /c.Then b = ^2 Cijf l z J with G C. 

(ft - ,iz).f = ftf - p/< = f ft - 2i/< z - pzf = f (ft - J (2i + n)z). 

It follows (ft — [iz)f % — in V(X) if and only if A = 2i + fi. 

Therefore: (ft — (A — 2i)z)f l z^ = for all i + j = k. 

Since V"(A) is z-torsion free it follows V(\) = ® V\-2i is a weight module. 

i>0 

By induction we have the following equality: ef n = f n e + nf n ~ 1 z(h — Xz) + 
n(A-(n-l))/"- 1 z 2 . 

Hence; ef n + (Be + B(h - Xz)) = n(X - (n - 1))/""V + (Be + B(h - Xz)). 

By induction we have for k < n, e k f n + (Be + B(h — Xz)) = n(n — l)...(n — (k — 
1))(A - (n - 1))((A - (n - 2))...(X - (n - k))f n - k z 2k + (Be + B(h - Xz)). 

In particular for k = n, e n f n + (Be + B(h - Xz)) = n(n - 1)(A - (n - 1))((A - 
(n - 2)). ..(A - l)Az 2 " + (Be + B(h - Xz)). 

Therefore: e n+1 f n = in V(X). 

It follows that for any element f l z j of V(X), e t+1 f l z j = 0. 

From this it follows V(X) is in Ob- □ 

4.1. Weight Modules. In this subsection we continue the study of weight B- 
modules, and concentrate in those that are z-torsion free and belong to the category 
Ob- For the full subcategory of Ob containing such modules we define a duality. 



HOMOGENIZED st(2,C). 



25 



Let V = ffi V\ be a graded weight B-module. Then V decomposes in homogc- 

Aec 

neous components as V = ffi V. We compare both decompositions. Let v £ V\ 

and v = + v i2 + ...v ik be a decomposition in homogeneous components Vij E Vi j 
with i\ < 12 < ... < ik- 

(h — Xz)v = = (h — \z)v il +(h — Xz)vi 2 + ...(h — \z)vi k and (h — Xz)vij E V^.+i 
implies (h — Xz)vij = for 1 < j < k. and Vij E Vij n V\. 

We have £V A n V; C V A C £V A n V it therefore: ffi V A n V = V\. 

i i «£Z 

For the other decomposition ^V\ D Vi C V- 

i 

Let v be an clement of Vi and take its decomposition v = v\ + v 2 + ...Vk with 

vi ev Xz = © v A , nVj. 

jez. 

Then each v; t = and E V Xi n Vj and degreewj*' 1 = j. 

We write v as t; = X) /C w j — X X w j • ^ follows ^ Wj is homogeneous of 

i—lj—l j — li—1 i—1 

degree j . 

k , ., 

Since v is homogeneous of degree £ the element J2 w i = for j ^ L and 

k 

v = £ with e v £ n v Ai • 

We proved V e C V V A n V £ .It follows V £ = © Vx n Ve. 

ice ^ec 

Then V= © © (V x nVi). 

AeCi>o 

As a consequence we have: V >k = © V = © ( © (Vx H V)) = ffi ( ffi (V A n Vi)) 

j>fe AGC AGC i>k 

and(V> fe ) A = ffi(V A nV). 

It follows V>fe = © (V>fe) A , this is: any truncation of a weight module is a 

Aec 

weight module. 

We have actually proved: 



Theorem 9. Let V = ® V x be a graded weight B-module. Then there is a trun- 

Aec 

cation V>k which is Koszul and V>k is a weight module. 

Corollary 7. Let M be a finitely generated generalized weight B-module. Then 

there exists a weight submodule V = © V x of M/t z (M) such that for some integer 

AeC 

k, V[k] is Koszul and (M/t z (M))/V is of z -torsion. 



Proof. By definition, there is an exact sequence: — > © W x — > M/t z (M) — > 

AeC 

R — » with R of z-torsion. Since M/t z (M) is finitely generated and B-noetherian, 

W= ffi W x is finitely generated and there is a truncation V = W>k with V\k] 

Aec 

Koszul and V = ffi V x a weight module, 

Aec 

We have an exact commutative diagram; 
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I 

L 

1 I 

0^ V -»• M/t z (M) X ^0 

0^ W ^ M/t z (M) -> i? -+0 

4 ; 

L 




with L a finite dimensional C-vector space and i? of z-torsion. 

Therefore: X is of z-torsion. □ 



Theorem 10. Let V = © V\be a z-torsion free weight module and assume V is 

Aec 

in the category Ob- Then for each A G C, V\ is a finitely generated C[z]-module, 
in particular each V\ is a free C[z]-module of finite rank. 

Proof. We have proved the following equalities: he n = e n h + 2ne n z and hf n = 
f n h - 2nf n z. 

By hypothesis V is a finitely generated S-module and for each v G V there is a 
positive integer I such that e e v = 0. 

We have decompositions of V: V = © Vi in homogeneous components and 

i>ko 

V = © V x in weight spaces and V = © © V\ fl Vf. 
Aec Aec i>fe 

Hence; we can assume V is generated by homogeneous elements u, 2 ,... ^i fc 
of degree t>j. = ij and (/i — \jz)vi j = 0. 

For each j there is an £j such that e l ^v ij = 0, then for I = max{£j}, e i v ij = 
for all j. 

Let v be an element of V^.Then v = w ko + w ko+ i + ...w ko+n is a decomposition 
in homogeneous components Wk +j € Vk +j ^ V\- 

We write Wfc 0+t = Y. b t ] v lj with 6 tJ - = cil,n,mf s e r h n z m and 

j — 1 s+r+n+m— i— 

c$,„, m G C. Then Wfeo+t = E E c { J} r ^ m f s e r h n z m Vij . 

j — ls+r+n+m— 

Hence each Wfe +t is a linear combination of the vectors{ f s e r h n z m v ij } and 
changing for a smaller set if necessary we my assume they are linearly independent 
and u>k +t is still a linear combination of such vectors. 

We have h n v i} = X]z n Vij , hence w ka+t = E E A J "c^,„, m / s e r z m +"^. . 

ji' — ls+r+n+m— £— 

From the equalities: {h-Xz)f s e r = f s e r (h- (X + 2(s-r))z) and (ft-(A + 2(s- 
r))z)v lj = (Aj - (A + 2(s - r)))^. it follows: 

k 

= {h-Xzw ko+t = zY: E (A,-(A + 2( S -r)))A J "c^,„, m / s e r z m +X-. 

j—1 s-\-r-\-n-\-m—t—ij 
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k 

Since Vis z-torsion free £ £ (A J -(A+2(s-r)))A"c^L, m / s e r z m +"i; lj 

j — ls+r+n+m— t — ij 

. By the hypothesis that they are linearly independent Xj — A + 2(,s — r) and 
Vi 3 e V\+2( s -r)- Therefore: f s e r v i] e V x with < r < £ - 1, s > 0. 

If f s e r Vi. is another element of V\, then A = Xj + 2(Y — r'). It follows s' = 
s + r' — r with < r' < £ — 1 and f s e r Vi. = f s+r ~ r e r vi - . For any pair of fixed 
elements ( s,r) < r < £ — 1, s > , there are only a finite number of elements of 
the form f s+r ~ r e r Vi j = f s e r Vi j in V\. 

This implies Wk +t is a polynomial combination Wfe +t = J2l( z )s,r,i j f s e r Vi j 
with gr(z) Sjrilj . <G C[z]. 

It follows V\ is a finitely generated C[z]-module and V torsion free implies V x is 
a free C[z]-module of finite rank. □ 

Let M be an object in Ob- Then there is a weight i?-module V and an exact 
sequence: 

0^ V A M/t z (M) A R ->0 
with i? of z-torsion, which induces an exact sequence: 

0^ V x A (M/t z (M)) x A p((M/i,(M)) A ) ^0 

with p((M/t z (M))A) a C[z] -submodule of i?, hence of z-torsion. There is an 
integer k > such that z k p({M /t z {M)) x ) = 0. It follows z k {M /t z (M)) x ) C V x 

But (M/£ z (M))a z-torsion free, implies the map given by multiplication z k : 
(M/t z (M)) x — > z k ((M/t z (M)) x is an isomorphism and there is a monomorphism 
z k : (M/t z (M)) x V x hence, (M/t z (M)) x is a finitely generated torsion free 
C[z]-module. We have proved the first part of the following: 

Proposition 15. Let M be an object in Ob- Then: 

i) For any A G C the <C[z]-module (M/t z (M)) x is either zero or it is a free 
C[z]-module of finite rank. 

ii) There is a C[z]-module decomposition M x — t z (M x ) © M x /t z (M x ) where 
M x /t z (M x ) is either zero or it is a free C[z]-module of finite rank. 

Proof, ii) We have the following commutative exact diagram: 



0^ t z (M) x -+ M x -> p(M x ) ^0 

•i- 4- 

0^ t z {M) A M A M/t z (M) -S-0 

where p(M x ) C (M/t z (M)) x . It is clear that t z (M x ) = M x Dt z (M) = t z (M) x . 
Therefore: p(M x ) = M x /t z (M x ) 

By the first part, (M/t z (M)) x is either zero or a free C[z]-module of finite rank. 
In the first case p(M x ) = M x /t z (M x ) = and the decomposition holds. 

In the second case p{M x ) = M x /t z {M x ) is a free C[z]-module of finite rank and 
we have again the decomposition M x = t z (M x ) M x /t z (M x ). □ 

Assume now M G Ob is z-torsion free. By hypothesis there is a weight submod- 
ule V and an exact sequence: 0— > V — > M — > R — > with V — © V x and R of 

A6C 
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z -torsion.. Since V\ C M x implies ^Vj C ^ M A and M z-torsion free implies 

AeC AeC 

E M\ = ( © M\. 

AeC Aec 

There is an cpimorphism: M/V -> Mil © M x ) -» and Mil © M A ) is also of 

AeC AeC 
z-torsion. Hence © M A is another weight module approximating M and we may 

Aec 

assume V = © M x where each M x is either zero or a free C[zl-modulc of finite 

Aec 

rank. 

We that for m e M A , e fc m e Af A+2 fc, / fc € M A _ 2 fc, /i fe G M A , z fe <= M A . Let M* 
be = Hoto c[z] (M a , C[z]) and define ( © M\)* = © #oto c[z] (M a , C[z]) = © 

AgC A^C AgC 

Given a map <p = (0,0.. .<p x cp x , ...<p x Q, 0,.... )<G ( © M x )* . 

Aec 

We define e k tp = (0,0, ■ ■e k ip Xl , e k tp X2 , ...e k tp Xr 0, 0,.... ), where e k tp x . : M Xi _ 2 h ->• 
C[z] given by e k ip x .(m) = ip x .(e k m). 

Similarly /V =* (0, 0, ../V Ai , /Va 2 , -f k <Px r 0, 0,.... ), with /Va, = M Xi+2k -> 
C[z] given by f k tp Xt (m) = tp Xt (f k m). 

h k (p = (0,0,. ./iV Al , ^Va 2 , -h k <p Xr 0, 0,.... ), with /iVa, : m a s C[z] given 
by h k ip x .(m) = ip x .(h k m). 

z k cp = (0,0,..zV Al , zVa 2 . •••^ fe ^A r 0, 0,.... ), with z k ip x . : M x% -> C[z] given by 
z k ip Xi {m) — Lp x .(z k m). 

With these operations ( © M x )* becomes a -B-module. 

Aec 

We claim ( © M x )* is a weight B-module with weight space ( © M x )* = (M„)* 

Aec Aec 
Given a map ip : — > C[z], (h — fj,z)(p(m) = <p((h — fiz)m) = 0, hence (M M )* C 

( © M A )* Therefore: E (^)* C E ( © ^a)* C ( © M A )*. 
Aec p _ AeC AeC AeC * Aec 

By definition V (Af„)* = ( © M A )*. Therefore: V ( © M A )* = ( © M A )*. 
Ae c Aec AeC Aec Aec 

Each M x ^ is free of finite rank, hence (M x )* is free of finite rank and 

( © M A )*is a free C[z]-modulc, hence z-torsion free. 

Aec 

It follows E ( © M x)l = © ( © M \)l- 
A6 C A ec Aec Aec 

We have proved ( © M A )*is a weight space with ( © M x )** = © M x . 

Aec Aec Aec 

We have proved the following: 

Theorem 11. Let Wb be the full subcategory of Ob consisting of the z-torsion free 

weight B-modules. Then there is a duality (— )* : Wb — > Ws given by: ( © M x )* = 

AeC 

© (M A )*, where ( © M A )* = (M„)* and © ( © M x )* = ( © M A )*. 
Aec Aec ^ Aec Aec ^ Aec 
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